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ABSTRACT

The 3ω method is widely employed for measuring the thermal conductivity of bulk, powder, liquid, and fibrous materials owing to its excel-
lent versatility and accuracy. However, for sheet materials, the 3ω method usually requires depositing a metal electrode on the material, and
sheet materials with rough surfaces, therefore, are difficult to meet the testing requirements of the 3ω method. In this study, a two-
dimensional heat conduction model of the 3ω method suitable for thin sheet materials with/without rough surfaces was proposed, and it was
used to measure the stainless-steel sheet and aluminum foil materials. The samples were suspended by four metal testing electrodes, and their
thermal conductivity was measured and compared with standard values. The results indicate that this method can accurately measure the
thermal conductivity of two-dimensional thin sheet conducting materials, thus extending the practical application scope of the 3ω method.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0251786

I. INTRODUCTION

With the advancement of synthesis technologies and electronic
devices, the requirements of thermal functional materials have
become increasingly diverse and widespread for local thermal man-
agement and micro-/nanoscale heat transport. More adaptable and
targeted materials continue to emerge at both macro- and micro-
scales, such as thermoelectric materials,1,2 thermal interface materi-
als,3 thermal insulation materials,4 and phase change materials.5 The
emergence of new materials necessitates appropriate methods to
characterize their physical parameters, with thermal conductivity
being one of the most important parameters for functional materials
utilized in the thermal management fields of electronic devices,6,7

construction,8 energy conversion systems,9,10 and aerospace equip-
ment.11 In recent years, the characterization of thermal conductivity
has advanced rapidly, with several commercial instruments available
that can typically measure bulks, powders, liquids, flakes, etc., such

as laser flash analyzer (LFA),12 xenon flash analyzer (XFA),13

hot-disk,14 heat flow meter (HFM),15 thermal interface material
(TIM) tester,16 and other steady-state or transient methods.17–20

These commercially available instruments generally offer high mea-
surement accuracy. Nevertheless, for materials such as flakes, fibers,
two-dimensional (2D) films, and nanotubes, which fall within the
micrometer range or smaller, meeting the measurement require-
ments of commercial instruments poses significant challenges.
Consequently, researchers are developing laboratory methods to
address the testing needs of these materials, such as the photother-
mal reflectance method,21 T-type method,22 3ω method,17 suspended
device method,23 Raman spectroscopy,24 time-domain thermal
reflectance method,25 and thermal probe method.26

The 3ω method is distinguished from these methods, demon-
strating a broad range of effectiveness from insulating to conductive
materials, from solids and liquids to gases.27–34 For thin sheet
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materials, 3ω measurements are typically performed by depositing
a layer of metal with a thickness of 30–300 nm on the surface of
the material as a measuring electrode. This requirement necessitates
a good surface roughness, which subsequently limits the application
of this method.27 In recent years, material preparation has devel-
oped rapidly, but some materials are difficult to meet the high
surface roughness requirements of the 3ω method, such as thermo-
electric materials, semiconductors, and heat storage materials. As a
result, it is urgent to develop the 3ω method to measure the
thermal conductivity of materials with rough surfaces. Table I
shows the comparison with literature methods.34–36

In this study, the 2D transient heat conduction differential
equation with an internal heat source is derived for the 3ω
method applicable to thin sheet conducting materials. Then, the
thermal conductivities of stainless-steel sheets and aluminum
foils are calculated from experimental measurements based on
the equations and compared with standard values. Given that
the thickness of the sheet-like materials applicable to this
method is at the micrometer scale and its thermal conductivity
is considered a macroscopic value, the influence of boundary
roughness is not addressed. Finally, the thermal conductivity of
rough sheet conducting materials is determined, which extends
the 3ω method for accurately measuring the thermal conductiv-
ity of such materials.

II. MODELING AND DERIVATION

A measurement model was established based on the sheet
material, as illustrated in Fig. 1, and the thin sheet was tested using
a four-wire measurement with the 3ω method, where two wires on
the sides were connected to the current and two wires in the
middle were connected to the voltage. The sample distance between
the two ends of the voltage is denoted as L, and the sample width
is 2a (with the thickness of the sample being d, and d≪ a). The
model was constructed in the x/y direction between the voltage
ends. It is difficult to establish a temperature gradient in the thick-
ness direction for thin sheet materials used in this work, and the
heat conduction process in the thickness direction will not be con-
sidered. Due to the excellent heat transfer capacity of the electrode
substrate, the model temperature distribution within the two
voltage ends will form a parabolic distribution. Based on the 2D
heat conduction equation, the transient heat conduction differential
equation (1) can be formulated, incorporating the internal heat
source term.

The 2D transient heat conduction differential equation is

ρCp
@

@t
T(x, y, t)� k

@2

@x2
T(x, y, t)þ @2

@y2
T(x, y, t)

� �

¼ RI20 sin
2ωt

LS
[1þ α(T(x, y, t)� T0)], (1)

T(0, y, t) ¼ T0; T(L, y, t) ¼ T0; T(x, �a, t) ¼ T0;

T(x, a, t) ¼ T0; T(x, y, �1) ¼ T0,
(2)

where ρ, Cp, k, R, α, and S represent the density, specific heat,
thermal conductivity, electric resistance, temperature coefficient of
resistance, and cross section of the sample at the room temperature
T0, respectively. Assuming that the electric current is turned on at

FIG. 1. Measurement model and principle.

TABLE I. Comparison of testing methods for small-scale materials.

Measurement materials/
methods Characteristic Reference

Rod- or filament-like
specimen/3ω method

Simultaneously measure
the specific heat and

thermal conductivity with
a high accuracy. 34

Polymer layers/3ω
method

Simultaneously determine
the in-plane and

out-of-plane components
of the thermal

conductivity. Simple data
analysis, convenient

fabrication of devices, and
high accuracy. 35

Ni thin film/self-heating
microbridges with IR
thermography

Determine thermal
conductivity by fitting the
measured temperature
distribution using the

finite volume method in
self-heating Ni

microbridges and can be
applied to any metallic

film without modification. 36
Thin sheet-like
materials/3ω method

Suitable for both rough
and smooth surfaces with
self-heating technology.
Simple structure and

convenient measurement. This work

Journal of
Applied Physics

METHOD pubs.aip.org/aip/jap

J. Appl. Phys. 137, 175102 (2025); doi: 10.1063/5.0251786 137, 175102-2

© Author(s) 2025

 25 January 2026 10:04:53

https://pubs.aip.org/aip/jap


t ¼ �1, to simplify Eq. (1), the temperature variation is repre-
sented as the temperature difference Δ(x, y, t), with
Δ(x, y, t) ¼ T(x, y, t)�T0. Then, Eqs. (1) and (2) can be written
into Eqs. (3) and (4),

ρCp
@

@t
Δ(x, y, t)� k

@2

@x2
Δ(x, y, t)þ @2

@y2
Δ(x, y, t)

� �

¼ RI20 sin
2ωt

LS
[1þ αΔ(x, y, t)], (3)

Δ(0, y, t) ¼ 0; Δ(L, y, t) ¼ 0; Δ(x, �a, t) ¼ 0; Δ(x, a, t) ¼ 0;

Δ(x, y, �1) ¼ 0: (4)

They can also be simplified into Eqs. (5) and (6),

@

@t
Δ(x, y, t)� b

@2

@x2
Δ(x, y, t)þ @2

@y2
Δ(x, y, t)

� �
¼ c sin2 ωt þ gΔ(x, y, t) sin2 ωt, (5)

b ¼ k
ρCp

; c ¼ RI20
LSρCp

; g ¼ αRI20
LSρCp

: (6)

According to the impulse theorem,37 Δ(x, y, t) can be repre-
sented as the integral of the responses of the simple to the instant
c sin2 ωt at each time interval,27

Δ(x, y, t) ¼
ðt
�1

Z(x, y, t; τ)dτ: (7)

Hence, Eqs. (5) and (6) can be simplified into Eqs. (8) and (9),

@

@t
Z � b

@2

@x2
Z þ @2

@y2
Z

� �
� Zg sin2 ωt ¼ 0, (8)

Z(0, y, t) ¼ 0; Z(L, y, t) ¼ 0; Z(x, � a, t) ¼ 0; Z(x, a, t) ¼ 0;

Z(x, y, τ þ 0) ¼ c sin2 ωτ: (9)

Z can be expanded through the Fourier series,

Z(x, y, t; τ) ¼
X1

n¼1

X1
m¼1

Unm(t; τ) sin
nπx
L

sin
mπy
a

: (10)

Substituting Eq. (10) into Eq. (8) yields Eq. (11),

X1
n¼1

X1
m¼1

sin
nπx
L

sin
mπy
a

� dUnm(t; τ)
dt

þ Unm(t; τ)
L2m2 þ a2n2

γ
� gsin2ωt

� �� �
¼ 0,

(11)

where γ ¼ a2L2/ bπ2 is the characteristic thermal time constant of
the sample in the in-plane heat transfer. If (L2m2 þ a2n2) / γ is
much larger than g, it indicates that the non-uniformity of heating
power caused by resistance fluctuations along the sample should be

much smaller than the total heating power. This situation is usually
true (suitable sizes fall in the millimeter range). Namely,

dUnm(t; τ)
dt

þ Unm(t; τ)
L2m2 þ a2n2

γ
¼ 0: (12)

Therefore, the solution to Eq. (12) is

Unm(t; τ) ¼ Cnm(τ)e
�L2m2þa2n2

γ (t�τ): (13)

Combining the relationship between Eqs. (8) and (9), and (14)
and (15), the result of Cnm can be obtained,

X1
n¼1

2[1� (�1)n]
nπ

sin
nπx
L

¼ 1, 0 , x , L, (14)

X1
m ¼ 1

2[1� (�1)m]
mπ

sin
mπy
a

¼ 1, 0 , y , a, (15)

Cnm(τ) ¼ c sin2 ωτ
4[1� (�1)n]

nπ
[1� (�1)m]

mπ
: (16)

Substituting Eq. (13) yields the relationship of Unm(t; τ),

Unm(t; τ) ¼ c sin2 ωτ
4[1� (�1)n]

nπ
[1� (�1)m]

mπ
e�

L2m2þa2n2

γ (t�τ):

(17)

Substituting Eq. (10) yields the relationship of Z(x, y, t; τ),

Z(x, y, t; τ)¼
X1

n¼1

X1
m¼1

csin2ωτ
4[1� (�1)n]

nπ
[1� (�1)m]

mπ

� e�
L2m2þa2n2

γ (t�τ) sin
nπx
L

sin
mπy
a

: (18)

Substituting Eq. (7) yields the relationship of Δ(x, y, t),

Δ(x, y, t) ¼
X1

n¼1

X1
m¼1

2[1� (�1)n]
nπ

[1� (�1)m]
mπ

sin
nπx
L

� sin
mπy
a

γc
(L2m2 þ a2n2)

1� sin(2ωt þ θ)
1þ cot2θ

� �
,

cot θ ¼ 2ωγ/(L2m2 þ a2n2):

(19)

Temperature fluctuations can lead to resistance fluctuations,
which can be described by Eq. (20),

δR ¼ αR
aL

ða
0

ðL
0
Δ(x, y, t)dxdy: (20)
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According to Eq. (19), Eq.(20) can be solved as follows:

δR ¼ αR
X1

n¼1

X1
m¼1

[1� (�1)n]
nπ

� �2 [1� (�1)m]
mπ

� �2

� 2γc
(L2m2 þ a2n2)

1� sin(2ωt þ θ)
1þ cot2θ

� �
: (21)

V ¼ I0 sinωt(Rþ δR) can be solved as follows:

V¼ I0 sinωt

 
RþαR

X1
n¼1

X1
m¼1

[1� (�1)n]
nπ

� �2

� [1� (�1)m]
mπ

� �2 2γc
(L2m2þa2n2)

1� sin(2ωtþθ)
1þcot2θ

� �!
: (22)

When n ¼ 1, m ¼ 1, the third-harmonic voltage V3ω can be
obtained,

V3ω � �αRI0
32
π4

γc
(L2 þ a2)

1
1þ cot2θ

: (23)

According to Eqs. (6), Eq. (23) can be simplified. Then, the
relationship between thermal conductivity k and third-harmonic
voltage V3ω can be obtained,

k � � 32α R2I30 a2L
V3ω Sπ6(L2 þ a2)

1
1þ cot2θ

: (24)

Finally, the thermal conductivity of the sample can be deter-
mined by obtaining parameters such as the temperature coefficient
of resistance, resistance, first-harmonic current, length, half-width,
the magnitude of third-harmonic voltage, and cross-sectional area
of the material.

III. ERROR ANALYSIS

In the derivation process, two aspects were simplified, and the
first was to ignore g sin2 ωt in Eq. (11). The physical meaning of
this term was expressed by the material resistance fluctuations
caused by thermal disturbances, which were much smaller than the
heating power. The derivation of Eq. (11) ignored the g sin2 ωt of
(L2m2 þ a2n2) / γ � g sin2 ωt. Equation (25) is the derivation of the
ratio of these two terms, and the ratio of the two terms is much
greater than 1 based on the test samples,

X1
n¼1

X1
m¼1

(L2m2 þ a2n2)
γ

/gsin2ωt

¼
X1

n¼1

X1
m¼1

kπ2

ρCp
(L2m2 þ a2n2)

a2L2
/
αRI20
LSρCp

sin2ωt

¼
X1

n¼1

X1
m¼1

kπ2(L2m2 þ a2n2)S
αRI20 a2Lsin2ωt

� 1: (25)

The second aspect was to take n ¼ 1, m ¼ 1 in Eq. (23) to

calculate the third-harmonic voltage, ignoring the terms of
n � 2, m � 2. In this case, according to the calculation, the relative
error approximates 1.44%. When the lock-in amplifier output
current frequency is low, ωγ ! 0, the third-harmonic voltage is
independent of the phase angle. When the output current is high,
ωγ ! 1, ignoring the term n � 2, m � 2 will lead to a large error
in the calculation of the third-harmonic voltage.

The radiant heat loss from the test sample surface was also
ignored in the calculation. The radiant heat loss per unit length of
the sample can be represented by the following equation:

Q ¼ 2(2aþ d)εσ T 4 � T4
0

� �
, (26)

where d denotes the sample thickness and a, L � d. σ is the
Boltzmann constant, and ε represents the material emissivity.
According to the polynomial expansion and ignoring the higher
terms of Δ(x, y, t), T4 ¼ 4Δ(x, y, t)T3

0 þ T4
0 can be obtained, and

inserting it into Eq. (26) yields the expression for the radiative heat
loss,

Q ¼ 8(2aþ d)εσΔ(x, y, t)T3
0 : (27)

Substituting Q into Eq. (1) and deriving it again, the following
equation needs to be satisfied to ignore the radiative heat loss,

L2m2 þ a2n2

γ
� Q

Δ(x, y, t)
: (28)

Equation (28) is simplified to the following equation:

8(2aþ d)εσT3
0L

2a2ρCp

kπ2(L2 þ a2)
� 1: (29)

The uncertainty of thermal conductivity was calculated based
on Eq. (24) according to the error transfer equation,38 which
included uncertainties caused by current, resistance, sample size,
third-harmonic voltage, and frequency. The uncertainty equation
of thermal conductivity can be expressed as follows:

δk
k

� �2

¼ 2
δR
R

� �2

þ3
δI0
I0

� �2

þ3
δa
a

� �2

þ3
δL
L

� �2

þ δd
d

� �2

þ δV3ω

V3ω

� �2

þ δθ

θ

� �2

: (30)

The sample is connected in series with an adjustable resistor
box, and the loop voltage is provided through a lock-in amplifier.
The resistance of the resistor box is adjusted so that the voltage dif-
ference between the two sides of the sample and the resistance box
is equal. At this point, the resistance value of the resistance box is
equal to that of the sample. Then, the resistance of the samples was
obtained with a minimum resistance of 1.88 ohms, a minimum res-
olution of 0.01 ohms, and a resistance uncertainty of 0.53%. The
current was obtained by calculating the first-harmonic voltage and
resistance, and the accuracy of the lock-in amplifier voltage is lower
than 0.2%. Then, the uncertainty of the current was calculated to
be about 0.57%. The length, width, and thickness of the sample
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were determined by optical microscopy with an uncertainty of
0.5%. The uncertainty of the phase angle of third-harmonic voltage
did not exceed 5%. As a result, by substituting all the uncertainties
into Eq. (30), a maximum uncertainty of 5.32% was obtained for
the thermal conductivity.

IV. EXPERIMENTAL STEPS

For the tests in this work, a standard stainless-steel sheet
with a thickness of 10 μm and aluminum foil with a thickness of
20 μm were selected as test samples. The diagram of the test setup
is illustrated in Fig. 2, where ① denotes the vacuum chamber,
② denotes the sample stage, ③ denotes the vacuum control
device, and ④ denotes the signal output and detection end. The
substrate carrying the sample was processed by a Printed Circuit
Board (PCB), where the copper metal was deposited on a part of
the surface to serve as the conductive part, and the rest of the part
was suspended to minimize the effect of heat transfer of the sub-
strate. To decrease the resistance of the contact areas, conductive
silver adhesive was employed to fill the contact areas. Four copper

wires were utilized to connect the copper substrate to the termi-
nals in the test system. The lock-in amplifier system was used to
input and obtain the test signals, where the voltage was input at a
low frequency for measurement. The obtained first- and third-
harmonic voltages, along with the phase angle and resistance
values, were recorded, and the data were finally collated to calcu-
late the thermal conductivity.

V. RESULTS AND DISCUSSION

The obtained data were calculated according to Eq. (24),
and the results are shown in Fig. 3. Specifically, Figs. 3(a)
and 3(b) show the verification of the data’s accuracy. Based on
the relationship described by Eq. (24), it is evident that the
third-harmonic voltage is proportional to the cubic of the
current. Hence, we performed logarithmic processing on the
acquired third-harmonic voltage and current signals, and added
fitting lines. The results indicate that the third-harmonic voltage
and current signals of the two samples exhibit a triple relation-
ship after logarithmic processing of the data, as shown by the

FIG. 2. Test setup and samples.
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fitting line (Y ≈ 3X), which conforms to the logical relationship
of Eq. (24) and indirectly proves that the samples are suitable
for this method. Figures 3(c) and 3(d) show the relationship
between the third-harmonic voltage and frequency, along with
the magnitude of the calculated thermal conductivity. It can be
observed from the figure that the third-harmonic voltage and
frequency are inversely proportional, while the thermal conduc-
tivity values of the two samples tend to be stable. For sample 1,
the average thermal conductivity is 13.85Wm−1 K−1, which
approximates that of stainless steel ∼14Wm−1 K−1.39 For
sample 2, the average value of thermal conductivity is
218.14Wm−1 K−1, which is close to that of aluminum foil
∼230Wm−1 K−1.39 The maximum relative uncertainties and
errors of the experimental values for the two samples were
1.96% and 0.65%, and 1.07% and 5.16%, respectively. The small
errors and uncertainties imply that this method can test these
two types of materials effectively.

It can be found that the radiant heat loss caused by heating
the samples can be ignored. According to Eq. (29), the radiant heat
loss of the two samples was calculated, and the radiant heat loss
coefficients of the two samples were 1.38 × 10−20 and 7.79 × 10−22,
which are much smaller than 1. The next is Eq. (11), which ignores
the g sin2 ωt of the (L2m2 þ a2n2) / γ � g sin2 ωt. The calculated
results indicate that the ratio (L2 þ a2) / γg is much larger than 1,
so the g sin2 ωt term can also be ignored in the derivation.
Compared to more widely optical approaches, the method pro-
posed in this work is suitable for materials with rough surfaces,
which makes the 3ω method have a wider applicability.

VI. CONCLUSIONS

In this study, a 3ω method applicable to the in-plane thermal
conductivity measurement of thin sheet materials was proposed,
and a two-dimensional transient heat conduction differential

FIG. 3. Experimental results. The relationship between the third-harmonic voltage and current of stainless-steel sheet (a) and aluminum foil (b) and the relationship
between the third-harmonic voltage and frequency of stainless-steel sheet (c) and aluminum foil (d).
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equation with an internal heat source term was derived. A
10 μm-thick stainless-steel sheet and a 20 μm-thick aluminum foil
sheet were measured, and the average thermal conductivities were
calculated to be 13.85 and 218.14Wm−1 K−1, demonstrating a
small testing error and high accuracy. The proposed method can
effectively measure the in-plane thermal conductivity for such
materials, especially those with high rough surfaces that may not be
measured by other methods. The development of this method can
extend the 3ω method for thin sheet materials and fill the measure-
ment gap of these materials with rough surfaces.
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